Abstract.
If m initial conditions of the form y, = k,,j = l(l)w, are prescribed, the required solution of (1.1) is in theory completely specified; but it may not be possible to compute the desired solution using these initial conditions, owing to an unstable build up of rounding error (see [2] , [7] for example). In circumstances such as these it is sometimes possible to replace the original problem by a well-conditioned boundary value problem which has a solution closely approximating the required solution of (1.1) . The ability to recognize potential instability and to repose our problem so that the required solution may be stably generated requires us to have some additional knowledge regarding the behavior of the required solution. In view of this, two of the main applications of our algorithm will be in the numerical solution of ordinary differential equations and in the solution of equations of the form (1.1) where one boundary condition is given at infinity. Assuming that we are in a position to recognize instability when it occurs, the first step of our algorithm is to replace the original initial values by boundary values of the form y i = */• J = i(1^q' yN+j = 0, j = 0il)m-l-q.
The conditions under which the required solution of (1.1) with the original initial conditions is closely approximated by a solution of (1.1) with these new boundary conditions has been discussed in [8] and will not concern us here. This problem has also been considered recently for the special case q = 1, fir) = 0 by Zahar [13] . We shall assume that the required value of q is known and the problem that remains is to compute N and the required solution of the reposed problem. This type of approach, whereby the original problem is replaced by a suitable boundary value problem, is now well accepted and forms a basis for most of the more competitive algorithms for generating solutions of linear recurrence relations [5] , [9] , [10] . In particular, Olver [10] has developed an extremely powerful algorithm for the solution of second-order inhomogeneous recurrence relations with the 'optimal' value of N being automatically determined in all cases. One of the more competitive algorithms for computing solutions of higher-order recurrence relations is one proposed by Oliver [9] . This algorithm requires the value of A to be guessed, and then a sequence of approximations to the optimal value of N is built up at a relatively cheap computational cost. Although this algorithm is often quite efficient, it would seem to have some drawbacks especially if one of the boundary conditions is at infinity so that we have little idea in general of the required value of N, or if a more general normalizing condition of the form 2^1 j yryr = k is imposed. Also, Oliver's algorithm requires the solution to be accepted if two successive approximations differ by less than a prescribed amount and, although this is a common practical procedure, it does not guarantee that the solution obtained is the required solution.
The algorithm developed in this paper stemmed from a desire to compute solutions of high-order recurrence relations when either one boundary condition is at 'infinity' or when the more general normalizing condition mentioned previously is imposed. Our aim is to develop an algorithm which yields an estimate of the optimal value of N before any back substitution has been performed. Although the algorithm which we propose in this paper does not always achieve this aim, it does so in many cases and a nonoptimal value of N can soon be recognized. Examples can no doubt be constructed for which our proposed algorithm is not as efficient as that of Oliver, and it may be that a combination of the two algorithms would be more efficient as a general purpose algorithm than either one by itself. Finally, we mention that this new approach allows us to identify positively the solution obtained as the required solution of the original problem since we are able to obtain an exact expression for the truncation error.
2. Statement of the Algorithm. In this section we consider the numerical solution of the third-order linear recurrence relation Wr-l + bryr + Wr+l + dryr+2 = er' where ar, br, cr, dr and er are given sequences depending on the nonnegative integer variable r. Although we are particularly interested in developing algorithms for the solution of mth-order recurrence relations, we shall confine our analysis in this section to the case m = 3 since the extension to higher-order equations is relatively straightforward and will be given explicitly at a later stage. The general solution of (2.1) may be written in the form (2. 2) yr = Afr + Bgr + Chr+ pr, where fr, gr and hr are complementary functions of (2.1) and pr is a particular solution. We shall assume that it is possible to choose these solutions such that (2.3) lim igr/fr) = lim ihr/gr) = lim ipr/gr) = 0.
The problem which we consider is the generation of a solution yr which has the property that iimr^,"(yr/fr) = lim^aa(yr/gr) = 0 and which satisfies the condition yx = kx. Provided that hx i= 0, the solution of (2.1) with these boundary conditions is immediately seen to be (2-4) yr = (kx -px\hr/hx) + Pr.
If hx =0, then the solution does not exist, unless kx = px, in which case there is an infinity of solutions. It is well known that if an attempt is made to generate the required solution of (2.1) using direct forward recurrence starting from three initial conditions of the form y, = k-, the resulting procedure will be completely ineffective due to an unstable propagation of rounding errors. If, however, we set yN = yN+ x = 0 for some large integer N, which need not be specified at present, we may rewrite (2.1) as the boundary value problem
The conditions under which y\N ' -► yr as N -► °° are rather complicated and will not concern us here. Instead, we shall assume as a basic hypothesis that y\N^ -► yr since this is usually the case in practice. (This general convergence problem has recently been considered by Lozier [4] , and the reader is referred to his thesis for the details.) As an example of this convergence, we consider the constant coefficient equation
The general solution of this recurrence relation is of the form (2.2) where fr = w^, gr = wr2 and ftr = wr3 (pr = 0) with the w¡ being the three roots, assumed distinct in modulus, of the polynomial dx3 +cx2 + bx + a = 0.
For the time being we shall assume that \wx I > \w2 I > lw31 so as to be consistent with our earlier notation. The two main problems which will now concern us are how to choose the 'optimal' value of A to achieve a prescribed degree of precision and how to prove that the solution which we obtain is indeed the required solution. Following the approach adopted by Oliver, we may reduce Up to now we have followed exactly the same approach as that adopted by Oliver.
The procedure adopted by Oliver at this stage is to compute yN for some trial value of A and then to calculate a better value of A essentially by recurring in the direction of decreasing r. We shall not follow this approach but shall instead attempt to calcu- This completes the proof of the lemma.
It now follows immediately that
By using this expression we can estimate the effect of changing from A to A + 1 before any back substitution has been carried out. We consider the following two particular cases which are common in practical applications:
(i) If we wish to compute yL to D decimal places, we apply the recurrence relation for values of r past L until a value is found for which (2.8) \ênzLn K H * 10-°a nd we then set A = «. As we shall show later, this case has its main practical application in the numerical solution of ordinary differential equations.
(ii) If we wish to compute yr for a range of values of r between 1 and L say, we again continue using the recurrence relation past L until a value of « is found for which (2.8) holds, and we then set A = «. Putting r = A in Eq. (f) and using the relations y ff ' = 0 and z^¡ = ilâN, we obtain the expression yNN+ x = êN/âN.
In particular if we wish to compute all values of yr that exceed lA * 10_D in absolute value (assuming, of course, that yr -*■ 0 as r -► °°) we compute values until l(ên/a")l <lA * \0~D, and then set A = «.
For problems of type (i) this procedure is relatively satisfactory since, as we shall show in the next section, it does yield an acceptable value for A, automatically.
In case (ii) the algorithm is not as good as Olver's in that it does not always guarantee that we have found the optimal value of A. The criterion which would enable us to determine the required value of A is <%* 10-D; (2.9) / Max \zrn\\\ên\ but because of the excessive amount of computation involved in calculating all of the zrn's, we shall use criterion (2.8). This criterion is often useful when one of the boundary conditions is at infinity since it provides us with a practical approximation to infinity before any solution values have been calculated. Algorithms which require a value of N to be guessed as a practical approximation to infinity would seem to be of rather uncertain value in general. Problems may occur when we do not know anything about the behavior of zrn and so criterion (2.8) may not yield the optimal value of A. In cases such as this it is important that we should be able to test the optimality of A before too much computation has been carried out. This may easily be done by setting y\^ ' = y\^+\ = 0 and then solving the equation
in the direction of decreasing «. It may be shown that yn = z^ and so at each step the value of \êNzN\ may be computed and a check made to ensure that this quantity is less than lA * \0~D. If this is not the case and the above quantity takes its maximum value at a point t our procedure for estimating A needs to be carried out again using the criterion \ênzn\ <lÁ* 10_D, and then we set A = «. In extreme cases a new value of A may have to be computed several times, and exactly how competitive our algorithm is with that of Oliver in these cases is not clear. It may be that in these cases it is best to use a combination of the algorithms proposed in this paper and Oliver's algorithm with the former providing the first trial value of A for use with the latter. This combination should be particularly effective when one of the boundary conditions is at infinity and so it is difficult to guess a reasonable value for A. If it was known, for example, that \zrn I
was an increasing function of r for fixed n> r then we could apply criterion (2.8) with safety since in this case
Max \zr"e\ = \zLJ\.
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The present author has so far been unable to derive a useful sufficient criterion for this to be the case and this is an area where more results, perhaps along the lines of those developed in [11] , would be valuable. Finally, in this section we mention very briefly the more general form of the linear normalizing condition £"_, yryr = k. If we are able to solve the problem with the initial condition yx=c (where c is arbitrary), then we need only to compute 2^1 x yryr and renormalize the solution by a factor fc/(2"=1 yryr). If this procedure fails owing to the value of yx being zero or very small, then we could try for example y2 arbitrary and carry out a similar procedure. The point is that if we can solve the initial value problem described earlier in this section, then we can also solve the problem with the general linear normalizing condition.
3. Examination of the Truncation Error. In this section we examine in more detail the validity of the solution which we have obtained using the algorithms described in the previous section. In particular, we wish to show that the value of A In order that y\ ' and yr should agree to any prescribed tolerance e it is necessary that I ErN I should be less than e for each value of r. Once a value of A has been cal- Thus, our scheme is equivalent to approximating this convergent series for yr by a partial sum and in this respect it has obvious similarities with Olver's algorithm. Finally, in this section we mention briefly the possible effect of rounding errors.
Since we are assuming that the boundary value problem to be solved is well conditioned, any standard method for solving linear systems should not experience difficulties with unstable error propagation. Information regarding the nature of error build up when using most standard methods is available from the general theory [12] .
The procedure which we have adopted in practice to reduce our original system to upper triangular form is Gaussian elimination with row changes if a pivot is nearly zero (partial pivoting) and practical experience has shown this procedure to be satisfactory in general.
4. Numerical Results. In this section we present some numerical results to illustrate some of the algorithms proposed in the previous section for third-order recurrence relations. The first problem which we consider is: Problem 1. Integrate the scalar differential equation y = -y, yiO) = 1, in the range 0 < x < 0.2 using the discretization algorithm (4-1) yn + 2 -9J" + 8^ = ft(3^ + 1 -6y'n -3y'). We note that changes in the steplength are relatively easy to perform since scheme (4.1) coupled with the algorithm described in Section 2 is essentially a one step method in that it requires only one initial condition. In order to simplify our numerical example we shall not be concerned with procedures for changing the stepsize but shall assume instead that a constant stepsize of ft = 0.02 is used so that the problem is to find the first ten values of Vj. The results obtained for this problem are given in Table 1 and, as can be seen, satisfactory agreement is obtained. at infinity and one of the problems is to obtain a practical approximation to infinity.
As can be seen from Table 2 We note that for these two problems it is known that zrn is an increasing function of r, since for the purposes of understanding better what is going on we have computed these sequences explicitly, and so the predicted value of A can be used with safety. Since in general it is not known in advance that zrn exhibits this particular behavior, it is safer in practice to take A slightly higher than the predicted value, say A + 3. (Cf. [10, p. 124, footnote 6] .) 5 . Extension to Higher-Order Equations. In this section we consider the extension of the analysis presented in Section 2 to the solution of higher-order linear recurrence relations. The extension to an «ith-order recurrence relation, m > 3, is immediate and we are able to give it explicitly. Rather than considering the higherorder case in any great detail, we shall merely outline our results, since the extension of both Lemma 1 and the analysis of Section 3 is relatively straightforward. We shall assume that we are seeking a solution of (1.1) which may be approximated arbitrarily closely over any given finite range by solving (1.1) with the boundary conditions y, = *,, j = 1 (1) If we now apply the forward elimination part of our Gaussian elimination algorithm, we annihilate the subdiagonals to obtain the upper triangular system Suppose now we let zrn be the solution of the adjoint equation This is very similar to the expression derived in Section 2 for the third-order case, and a very similar procedure to that described in Section 2 may be used to estimate the optimal value of A in advance. As before, we shall assume as a basic hypothesis [10] . In this sense our results may be regarded as generalizations of those of
Olver. The basic reason why Olver's algorithm is so effective for the second-order case is that in his case the adjoint equation is of order 1 and so all solutions may be expressed as a multiple of the single solution of the adjoint. This property will also hold for the higher-order case when q = m -1. In general, however, it will be necessary to construct the sequence zrn for the largest value of r required and test convergence in the manner described in Section 2. Since the extension of our algorithm is now immediate we shall not consider it any further but instead go on to give some numerical results for the case «2=4 where the required solution is an intermediate one, i.e. neither the most dominant nor the most recessive.
6. Numerical Results. In this section we present some additional numerical results which serve to illustrate the extension of our algorithms to recurrence relations of order greater than three. The most important application of our algorithm in this case is in the generation of intermediate solutions since the most dominant (recessive) solution (assuming of course that such solutions exist) can usually be found by forward (backward) recursion. As a first example we consider:
Problem 3. Table 3 êrzr lârr error tolerance = (1/2)* 10 6 N = 17
Solution obtained (1/2) * 10~4 and (1/2) * 10~6. As can be seen from the results presented in Table 3 , the optimal value of A is obtained automatically in both cases and agreement with the exact solution is satisfactory throughout the given range. As our second problem in this section, we consider one arising from the solution of an ordinary differential equation: Problem 4. Integrate the scalar differential equation y = -xy, yiO) = 1 using the discretization algorithm (6.2) yr+3 -yr+2 = (ft/720){-I9y'r+ 4 + 346y'r+3 + 456y'r+2 -74y'r+x + llj/}. Some remarks regarding the source of (6.2) would seem to be relevant at this stage.
The first point that we note is that (6.2) is rather like an implicit Adams method (see [3, p. 41] for example) except that the value /r+4 as well as the usual fr, . . . , fr+3 is used in the expression for^^+3. By using this additional forward value it is possible to derive integration procedures which have higher orders of accuracy than the more conventional Adams methods, and it may be shown that scheme (6.2) has a local truncation error of order 0(ft6). In order to solve for_yr+3, however, we need to have an estimate for /r + 4 and hence, in our case, yr+A-Thus, our problem is of an ideal form for solution using the algorithm developed in the previous section with m =4,q = 3.
In our numerical experiment scheme (6.2) was used with a constant step of ft = 0.01 and the required solution was sought in the range 3 < r < 10 for the two different tolerances (1/2) * 10~4 and (1/2) * 10~6. In order to use scheme (6.2) we need to know the values of yx and y2 and for our purposes we set yx = exp(-^ft ),y2 = exp(-2ft2) which are in fact the exact solutions. In a practical example we would of course need to generate these extra initial conditions using a one step method, such as a fourth-order Runge-Kutta method for example, but since this does not present us with any additional problems there is no loss in generality in using the exact values. As can be seen from the results presented in Table 4 , the optimal value of Ais again found automatically in both cases and agreement with the exact solution is again satisfactory throughout. We note that the value of etzxrü\ar r decreases very rapidly resulting in our algorithm converging very quickly for any prescribed error tolerance.
7. Conclusion. The purpose of the present paper has been to develop an algorithm for the solution of high-order linear recurrence relations in cases where the required solution is not stably generated by direct forward recurrence due to unstable propagation of rounding errors. Our main aim was to extend Olver's algorithm so that, if the original problem is replaced by a well-posed boundary value problem, the size, A, of the boundary value problem to be solved to give the required degree of precision is estimated automatically in all cases. We were particularly interested in the case where one of the boundary conditions was at infinity so that Oliver's algorithm, which requires a practical approximation to infinity to be guessed, is not so easy to use. We showed in Section 2 that in some cases we are able to estimate the value of A automatically while in other cases we had to perform a check to test that the estimated value of A was acceptable. In cases where one of the boundary conditions was at infinity the algorithm developed in Section 2 provided a practical approximation to infinity before any back substitutions were performed. In Section 3 we were able to derive an exact expression for the required solution and this allowed us to positively identify the solution obtained as the required solution of our original problem. Finally in Section 5 the extension of our analysis to higher-order equations was considered and we were able to show that all of the important results developed in Sections 2 and 3 for third-order recurrences could be immediately extended to equations of arbitrary order. In conclusion, we may say that in some cases, where the optimal value of A is obtained automatically, the proposed algorithm is at a reasonably satisfactory level. In other cases, where we are not sure that the estimated value of A' is optimal, it may be that a combination of the algorithm proposed in this paper and that proposed by Oliver would be better than either one by itself, especially if one of the boundary conditions is at infinity.
